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Introduction

Resource-theoretic approach to the foundations of
thermodynamics.

Resource theories

We have a set of resources, and transformations between
them.

Some resources are abundant: they come for free; other are
valuable.

Define a set of free operations (i.e. easy to implement).

Free operations give a preorder on resources: A more valuable

free

than Bif A— B.
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Resource theory of purity in QM

In QM we can set up a resource theory where pure states are
the most valuable resources [Horodecki et al.].
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Free states: only the maximally mixed state y = =/.
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Resource theory of purity in QM

In QM we can set up a resource theory where pure states are
the most valuable resources [Horodecki et al.].

Resource theory of purity

Free states: only the maximally mixed state xy = %l.
Free operations of the form (basic noisy operations)

N (pa) = trs [Une (pa ® xe) U]

and its topological closure [Shor, Gour et al.].
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Thermodynamic interpretation

X is a thermal state (of a trivial Hamiltonian)! |

Free operations are:
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Thermodynamic interpretation

X is a thermal state (of a trivial Hamiltonian)! )

Free operations are:
@ preparing thermal states;
@ putting a system into contact with a thermal
environment;
@ removing the thermal environment.

Toy model for thermal interaction! |
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Thermodynamic interpretation

X is a thermal state (of a trivial Hamiltonian)! )

Free operations are:
@ preparing thermal states;
@ putting a system into contact with a thermal
environment;
@ removing the thermal environment.

Toy model for thermal interaction! |

Is it specific to QM? J
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Operational purity

Section 1

Operational purity
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Operational purity

We use a specific variant of GPTs, known as OPTs
[Chiribella et al. "10, Hardy].
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Operational purity

We use a specific variant of GPTs, known as OPTs
[Chiribella et al. "10, Hardy].

(R
BB

Reversible transformations

A (deterministic) transformation U : A — B is reversible if
there exists /! : A — B such that U/~'U = Z,, and
Uu_l = IB-
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Operational purity

Problems with noisy operations in GPTs

@ The maximally mixed state (invariant state) x may not
exist.
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Problems with noisy operations in GPTs

@ The maximally mixed state (invariant state) x may not
exist.

o If it exists, it may not be unique for a given system.

o If it exists, and it's unique, there may be another
problem. ..

Free states must be stable under tensor product
[Coecke et al.], but in general xya ® xB # xas!

G. Chiribella, C. M. Scandolo An operational resource theory of purity



Operational purity

Problems with noisy operations in GPTs

@ The maximally mixed state (invariant state) x may not
exist.

o If it exists, it may not be unique for a given system.

o If it exists, and it's unique, there may be another
problem. ..

Free states must be stable under tensor product
[Coecke et al.], but in general xya ® xB # xas!

In general we can’t follow the approaches relying on the
invariant state.
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Operational purity

Purity via RaRe channels

[Chiribella & Scandolo "15b]

Free operations (RaRe channels) of the form [Uhlmann]
R = Z piui7

with U;'s reversible channels and {p;} probability distribution.
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Operational purity

Purity via RaRe channels

[Chiribella & Scandolo "15b]

Free operations (RaRe channels) of the form [Uhlmann]
R = Z piui7

with U;'s reversible channels and {p;} probability distribution.

@ pis purer than o if Rp = o, for some RaRe channel R
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Operational purity

Purity via RaRe channels

[Chiribella & Scandolo "15b]

Free operations (RaRe channels) of the form [Uhlmann]
R = Z piui7

with U;'s reversible channels and {p;} probability distribution.

@ pis purer than o if Rp = o, for some RaRe channel R

@ No reference to the invariant state!
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Other definitions of purity

Section 2

Other definitions of purity
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Other definitions of purity

Working plan

Exploring other ways to define purity with the invariant state J
as free.
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Other definitions of purity

Working plan

Exploring other ways to define purity with the invariant state
as free.

@ We must guarantee that an invariant state exists. . .
@ is unique for every system. ..
@ and is stable under tensor product: xa ® xB = XaB-

We need to introduce some axioms. . . \
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Other definitions of purity

Working plan

Exploring other ways to define purity with the invariant state
as free.

@ We must guarantee that an invariant state exists. . .
@ is unique for every system. ..
@ and is stable under tensor product: xa ® xB = XaB-

We need to introduce some axioms. . .
with some thermodynamic flavour!
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Other definitions of purity

Purity Preservation

Purity Preservation [Chiribella & Scandolo "15a]

The sequential and parallel composition of pure
transformations is a pure transformation.
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Purity Preservation

Purity Preservation [Chiribella & Scandolo "15a]

The sequential and parallel composition of pure
transformations is a pure transformation.

@ The product of two pure states is pure.
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Other definitions of purity

Purity Preservation

Purity Preservation [Chiribella & Scandolo "15a]

The sequential and parallel composition of pure
transformations is a pure transformation.

@ The product of two pure states is pure.

@ Without Purity Preservation, information could be lost
simply by composing devices!
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Other definitions of purity

Causality

Causality [Chiribella et al. "10]

The outcome probabilities of present experiments aren't
affected by the choice of future measurements.
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Causality

Causality [Chiribella et al. "10]

The outcome probabilities of present experiments aren't
affected by the choice of future measurements.

o Equivalently, for every system A there is a unique
deterministic effect u,.
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Causality

Causality [Chiribella et al. "10]

The outcome probabilities of present experiments aren't
affected by the choice of future measurements.

o Equivalently, for every system A there is a unique
deterministic effect u,.

@ We can use u to define the marginals of bipartite states:

A
o= Hnpan = G—-B
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Other definitions of purity

Causality

Causality [Chiribella et al. "10]

The outcome probabilities of present experiments aren't
affected by the choice of future measurements.

o Equivalently, for every system A there is a unique
deterministic effect u,.

@ We can use u to define the marginals of bipartite states:

A
o= Hnpan = G—-B

Important in thermodynamics: we need to consider subsystems}

of larger systems!
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Purification [Chiribella et al. "10]

© Every state p, can be purified: there exists a pure state
W, such that

@ = (v]

B-'



Purification [Chiribella et al. "10]

© Every state p, can be purified: there exists a pure state
W, such that

A
B0

@ Different purifications of the same state differ by a
reversible transformation U on the purifying system:

QreiCs
B B

A A
j@B :[w/ B 775

@ = (v]




Other definitions of purity

Why Purification?

@ It reconciles partial information and irreversibility with a
picture where everything is pure and reversible.
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Why Purification?

@ It reconciles partial information and irreversibility with a
picture where everything is pure and reversible.

@ Dilation and extension theorems can be reconstructed
from it [Chiribella et al. "10].
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Why Purification?

@ It reconciles partial information and irreversibility with a
picture where everything is pure and reversible.

@ Dilation and extension theorems can be reconstructed
from it [Chiribella et al. "10].

@ It provides a formal justification of the thermodynamic
procedure of enlarging a system to deal with an isolated
system.
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Why Purification?

@ It reconciles partial information and irreversibility with a
picture where everything is pure and reversible.

@ Dilation and extension theorems can be reconstructed
from it [Chiribella et al. "10].

@ It provides a formal justification of the thermodynamic
procedure of enlarging a system to deal with an isolated
system.

Purification is a good starting point for a theory of
thermodynamics.
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Other definitions of purity

Why Purification?

@ It reconciles partial information and irreversibility with a
picture where everything is pure and reversible.

@ Dilation and extension theorems can be reconstructed
from it [Chiribella et al. "10].

@ It provides a formal justification of the thermodynamic
procedure of enlarging a system to deal with an isolated
system.

Purification is a good starting point for a theory of
thermodynamics.

It also guarantees the existence of a unique invariant state y
for every system!
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Other definitions of purity

Pure Sharpness

Pure Sharpness [Chiribella & Scandolo "15¢]

For every system, there exists at least one pure effect a
occurring with probability 1 on some state p.
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Other definitions of purity

Pure Sharpness

Pure Sharpness [Chiribella & Scandolo "15¢]

For every system, there exists at least one pure effect a
occurring with probability 1 on some state p.

@ We can think of a as part of a yes/no test to check an
elementary property of the system.
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Other definitions of purity

Pure Sharpness

Pure Sharpness [Chiribella & Scandolo "15¢]

For every system, there exists at least one pure effect a
occurring with probability 1 on some state p.

@ We can think of a as part of a yes/no test to check an
elementary property of the system.

@ Pure Sharpness guarantees that every system has an
elementary property.
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Other definitions of purity

Permutability and Strong Symmetry

Strong Symmetry [Barnum et al.]

For every pair of maximal sets of perfectly distinguishable pure
states, there is a reversible channel connecting them.
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Other definitions of purity

Permutability and Strong Symmetry

Strong Symmetry [Barnum et al.]

For every pair of maximal sets of perfectly distinguishable pure
states, there is a reversible channel connecting them.

Permutability [Hardy]

Every permutation of a maximal set of perfectly distinguishable
pure states is implemented by a reversible channel.

v
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Other definitions of purity

Permutability and Strong Symmetry

Strong Symmetry [Barnum et al.]

For every pair of maximal sets of perfectly distinguishable pure
states, there is a reversible channel connecting them.

Permutability [Hardy]

Every permutation of a maximal set of perfectly distinguishable
pure states is implemented by a reversible channel.

Under the previous axioms, Permutability implies Strong
Symmetry.
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Other definitions of purity

Permutability and Strong Symmetry

Strong Symmetry [Barnum et al.]

For every pair of maximal sets of perfectly distinguishable pure
states, there is a reversible channel connecting them.

Permutability [Hardy]

Every permutation of a maximal set of perfectly distinguishable
pure states is implemented by a reversible channel.

Under the previous axioms, Permutability implies Strong
Symmetry.

Real, complex, and fermionic QM (+ possible higher-order
interference variants) satisfy all these axioms.
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Other definitions of purity

Consequences of the axioms

© For every non-trivial system A, an integer dy > 2
(dimension) gives the size of all maximal sets of perfectly
distinguishable pure states.
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Consequences of the axioms

© For every non-trivial system A, an integer dy > 2
(dimension) gives the size of all maximal sets of perfectly
distinguishable pure states.

@ Hardy's Information Locality [Hardy]: dap = dadp
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G. Chiribella, C. M. Scandolo An operational resource theory of purity



Other definitions of purity

Consequences of the axioms

© For every non-trivial system A, an integer dy > 2
(dimension) gives the size of all maximal sets of perfectly
distinguishable pure states.

@ Hardy's Information Locality [Hardy]: dap = dadp

As a consequence YA ® XB = XAB ]

Now we can take the invariant state to be free, and consider
different resource theories of purity.
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Other definitions of purity

Consequences of the axioms

© For every non-trivial system A, an integer dy > 2
(dimension) gives the size of all maximal sets of perfectly
distinguishable pure states.

@ Hardy's Information Locality [Hardy]: dap = dadp

As a consequence YA ® XB = XAB ]

Now we can take the invariant state to be free, and consider
different resource theories of purity.

We strongly think that Permutability/Strong Symmetry isn't
necessary in fact (work in progress. . .).
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Other definitions of purity

Unital channels

If x is free, the most general class of free operations will leave
X invariant.
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Other definitions of purity

Unital channels

If x is free, the most general class of free operations will leave
X invariant.

Unital channels

A channel D is unital if Dy = x.
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Other definitions of purity

Unital channels

If x is free, the most general class of free operations will leave
X invariant.

Unital channels

A channel D is unital if Dy = x.

RaRe channels are unital, but not all unital channels are RaRe
[Landau & Streater]!
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Other definitions of purity

Noisy operations

Noisy operations

Channels N/ of the form

and their topological closure.
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Other definitions of purity

Noisy operations

Noisy operations

Channels N/ of the form

A A

Q= o

and their topological closure.

@ Noisy operations are unital, but not all unital channels are
noisy operations [Haagerup & Musat]!
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Other definitions of purity

Noisy operations

Noisy operations

Channels N/ of the form

A A

Q= o

and their topological closure.

@ Noisy operations are unital, but not all unital channels are
noisy operations [Haagerup & Musat]!

@ RaRe channels are noisy operations (via a tool in Lee &
Selby's talk), but not all noisy operations are RaRe [Shor]!
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Other definitions of purity

Conclusions

e We've analysed some different ways to define a resource
theory of purity: RaRe channels, noisy operations, and
unital channels.
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Other definitions of purity

Conclusions

e We've analysed some different ways to define a resource
theory of purity: RaRe channels, noisy operations, and
unital channels.

@ Despite the strict inclusions, they're equivalent: the
induced preorder is the same (majorisation).
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