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In 1973 Paschke defined a factorization for completely positive maps between C*-algebras. In this
paper we show that for normal maps between von Neumann algebras, this factorization has a univer-
sal property, and coincides with Stinespring’s dilation for normal maps into B(.5¢).

The Stinespring Dilation Theorem[Sti55] entails that every normal completely positive linear map (NCP-
map) @: o/ — B(A) is of the form & —n—> B(#") —V*(-)Vv—= B(J¢) where V: 7 — ¥ is a
bounded operator and 7 a normal unital *-homomorphism (NMIU-map). Stinespring’s theorem is fun-
damental in the study of quantum information and quantum computing: it is used to prove entropy
inequalities (e.g. [Lin75]), bounds on optimal cloners (e.g. [Wer98]]), full completeness of quantum
programming languages (e.g. [Stal3]), security of quantum key distribution (e.g. [KSWOS]]), analyze
quantum alternation (e.g. [BP13])), to categorify quantum processes (e.g. [Sel07]]) and as an axiom to
single out quantum theory among information processing theories.[CDP11]] A fair overview of all uses
of Stinespring’s theorem and its consequences would warrant a separate article of its own.

One wonders: is the Stinespring dilation categorical in some way? Can the Stinespring dilation
theorem be generalized to arbitrary NCP-maps ¢ : &7 — Z? In this paper we answer both questions in
the affirmative. We use the dilation introduced by Paschke([Pas73|| for arbitrary NCP-maps, and we show
that it coincides with Stinespring’s dilation (a fact not shown before) by introducing a universal property
for Paschke’s dilation, which Stinespring’s dilation also satisfies.

In the second part of this paper, we will study the class of maps that may appear on the right-hand
side of a Paschke dilation, to prove the counter-intuitive fact that both maps in a Paschke dilation are
extreme (among NCP maps with same value on 1).

Let us give the universal property and examples right off the bat; proofs are further down.

Theorem 1. Every NCP-map ¢ : o/ — 9 has a Paschke dilation. A Paschke — of ¢ B
dilation of ¢ is a pair of maps o —p—~ & —f— AB, where & is a von \ /
Neumann algebra, p is an NMIU-map and f is an NCP-map with ¢ = fop p f
such that for every other o —p'>= P —f'—~ B, where P’ is a von Neu- / ‘QAZ /
mann algebra, p' is an NMIU-map, and ' is an NCP-map with ¢ = f' o p/, p o f
there is a unique NCP-map 6: ' — 2 such that the diagram on the right él
commutes.

Example 2. A minimal Stinespring dilation &/ —n— B(#") —V(-)V*— B() of an NCP-map is a
Paschke dilation, see Theorem [14]

Example 3. As a special case of the previous example, we see the GNS construction for a normal
state @ on a von Neumann algebra <7, gives a Paschke dilation &7 —n— B(J) —(&.(-)§)— C of ¢.

In particular, the Paschke dilation of (A, ) = $(A + ), C* — Cis

o (l»H)H(é 2) s (‘C’ Z)H%(a+b+c+d) o
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2 Paschke Dilations

This gives a universal property to the von Neumann algebra M, of 2 x 2 complex matrices, (which is a
model of the qubit.)

The following examples can be proven using only the universal property of a Paschke dilation.
Example 4. The Paschke dilation of an NMIU-map p: o — ZBis &f —p— B —id> A .
Example 5. If o —p—= & —f— 9 is a Paschke dilation, then & —id= & —f— 98 is a Paschke
dilation of f.
Example 6. Let ¢: of — %) @ %, be any NCP-map. of —(p1.p2)> P & Py —hefr= P, is a Paschke
dilation of ¢ if &f —pi> &?; —fi— PB; is a Paschke dilation of ;0 ¢ fori=1,2.
Example 7. Let ¢: o/ — % be any NCP-map with Paschke dilation &/ —p— & —f—= % and A > 0.
Then & —p— & —Af> 9% is a Paschke dilation of A .
Example 8. Let &/ —p— 9 —f— % be a Paschke dilation foramap ¢: &/ — B. If 0: &P — P is
any isomorhism, then &/ —dop— P’ —fov-'> A is also a Paschke dilation of ¢.

There is a converse to the last example:

Lemma9. If o —pi> P; —fi> B (i =1,2) are Paschke dilations for the same map Q. o/ — B, then
there is a unique (NMIU) isomorphism ¥ : &) — &5 such that % op; = py and f, 09 = f).

Proof. See appendix. O

1 Two universal properties for Stinespring’s dilation

Let ¢: of — B(s¢) be a NCP-map where 7 is a von Neumann algebra and 77 is a Hilbert space. In
this section, we prove that any minimal normal Stinespring dilation of ¢ gives a Paschke dilation of ¢.
Let us first recall the relevant definitions.

Definition 10. A normal Stinespring dilation of ¢, is a triple (.#",7,V), where %" is a Hilbert space,
n: of — B() is an NMIU-map, and V: ¢ — % a bounded operator such that ¢ = Ady om, where
Ad,: B(#) — B(¢) is the NCP-map given by Ady (A) = V*AV for all A € B(# ) If the linear span
of {m(a)Vx: a€ o/ x € H }isdense in X, then (, 7, V) is called minimal.

It is a well-known fact that all minimal normal Stinespring dilations of ¢ are unitarily equivalent (see
e.g. [Pau02, Prop. 4.2]). We will adapt its proof to show that a minimal Stinespring dilation admits a
universal property (Prop. [I3), which we will need later on. The adaptation is mostly straight-forward,
except for the following lemma.

Lemma 11. Let w: &/ — B, n': &/ — € be NMIU-maps between von Neumann o -5 B
algebras, and let 6: € — 9B be an NCP-map such that 6o t' = 7. \ TG
Then o(n'(a1)cn'(a2) ) = m(a1) o(c) w(az) for any ay,a, € </ and c € 6.

©¢

Proof. By Theorem 3.1 of [Cho74], we know that, for all ¢,d € €,
o(d*d) =o0(d)'o(d) = o(cd)=0c(c)o(d). (1)
m'(a*a)) =n(a*a) =n(a)*n(a) = G(n’/(a))*c(n/(a )) By (1),

of
we have 6(cn'(a)) = o(c)o(n'(a)) = 6(c)m(a) for all ¢ € €. Then also o(x )
all ¢ € ¢ (by taking adjoints). Thus o(7'(a1)cn'(az)) = w(ar) o(cn’(az)) = n(ar) o(c) w(az) for
allaj,ap € &/ andc € . O

Be warned: many authors prefer to define Ady by Ady (A) = VAV* instead.

Leta € «7. We have o (7' (a)*7'(a)) =

—
<
~—
)
~—
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Lemma 12. Let " be a Hilbert space. If Ads = Ady for S,T € B(J%'), then S = AT for some A € C.
Proof. See appendix. O

Proposition 13. Let (7, 7,V) and ("', 7',V') be normal Stinespring dilations of ¢. If (¢, V) is
minimal, then there is a unique isometry S: & — #"' such that SV =V' and m = Adgom’.

Proof. Let us deal with a pathological case. If V =0, then ¢ =0, V' =0, .# = {0} and 7 = 0, and so
the unique linear map S: {0} — J#” satisfies the requirements. Assume V # 0.

(Uniqueness) Let S1,S,: & — ¢ be isometries with SV =V’ and Adg, on’ = m. We must show
that S; = S5. We have, for all, ay,...,a,,0,...,0, € &, X1,.... %, V1,---,Yn € H,and c € €,

<Adsk(c)Zx(ai)in, Zﬂ(aj)Vy] Z< V'r(a;) Ads,(c) m(ai)Vai, v; ) by rearranging
i j
= Z< V*Ads, (7'(a)em'(a;) )Vxi, yj ) by LemmalT]

= Z< C7C (a,)V Xiy Yj > as SV = 174

Since the linear span of 7(.27)V ¢ is dense in %, we get Ads, = Ads,. Thus AS; = S, for some A € C
by Lemma Since V # 0, there is x € . with Vx # 0. Then §1Vx = V'x = 5,Vx = AS|Vx, and
so A = 1. Thus S; = S, as desired.

(Existence) Note that for all ay,...,a, € & and x1,...,x, € 7, we have

H Zn(ai)in H2 = Z<V*n’(a;‘-ai)in,xj> = Z<¢(ajai)xi,xj> = H Zﬂf’(ai)V’xi H2

Hence there is a unique isometry S: % — " such that Sw(a)Vx = n'(a)V'x for alla € o/ and x € .
Since SVx = Sn(1)Vx = a'(1)V'x = V'x for all x € 7, we have SV = V'. Further, for all a,ay,...,a, €
o/, and xq,...,x, € £, we have

a)Zn(ai)Vx, = ZSn aa;)\Vx; = ZTC aa;)V'x; = 1'( )Zn’(ai)V’x,- = n’(a)SZﬂf(ai)in.
i i i
Since the linear span of w(.<7)V .7 is dense in %", we get S7(a) = 7' (a)S. Note that $*S = 1, because S
is an isometry. Thus $*7'(a)S = $*S7(a) = 7(a), and so Adson’ = 7. O

Theorem 14. Let (%", w,V) be a minimal normal Stinespring dilation of an NCP-map ¢ : o/ — B(5€).
Then of —n—> B(X ) —V(-)V*—= B() is a Paschke dilation of ¢.

Proof. Let &' be a von Neumann algebra. Let p’: &7 — 97’ be a *Q{

NMIU-map, and f': &' — B(#") an NCP-map with f'op’ = ¢. /
We must show that there is a unique NCP-map 6: &' — B(.¥')

with 6o p’ = 7 and Ady oo = f’. The uniqueness of ¢ follows by Adys
the same reasoning we used to show that Adg, = Adg, in Propo- Ad

sition To show such o exists, let (£, 7',V’) be a minimal AN
normal Stinespring dilation of f’. Note that (#”, 7' o p’, V') is a 7' 73(%/,)

normal Stinespring dilation of ¢. Thus, by Proposition [T3] there
is a (unique) isometry S: # — #” such that SV =V’ and Adgon’ o p’ = n. Define 0 = Adgor’.
Clearly cop’ = Ad;om’' o p’ = m and Ady oo = Ady o Adgorr’ = Adyonr’ = f7, as desired. O
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If we combine Theorem [[4] with Lemma 9| we get the following.

Corollary 15. Let (%, m,V) be a minimal normal Stinespring dilation of an NCP-map ¢ : </ — B(J€),
and let of —p—~ &P —f— B(H’) be a Paschke dilation of ¢. Then there is a unique NMIU-isomorphism
O:B(X)— P withp =0omand fo = Ady.

2 Existence of the Paschke Dilation

We will show that every NCP-map ¢ between von Neumann algebras has a Paschke dilation, see The-
orem For this we employ the theory of self-dual Hilbert Z-modules — developed by Paschke —
which are, roughly speaking, Hilbert spaces in which the field of complex numbers has been replaced by
a von Neumann algebra %4. Nowadays, the more general (not necessarily self-dual) Hilbert Z-modules,
where % is a C*-algebra, have become more prominent, and so it seems appropriate to point out from the
get—go that both self-duality and the fact that # is a von Neumann algebra (also a type of self-duality,
by the way) seem to be essential in the proof of Theorem [I8]
We review the definitions and results we need from the theory of self-dual Hilbert Z-modules.

Overview 16. Let % be a von Neumann algebra.

1. A pre-Hilbert #-module X (see Def. 2.1 of [Pas73 is a right Z-module equipped with a %-
valued inner product, that is, amap (-, -) : X x X — 2 such that, for all x,y,y’ € X and b € A,

(a) <)C, (Y‘i‘yl)b) = <X,y>b+ <X,yl> b; (©) <X7)’>* = <y7x>'
(b) (x,x) >0and (x,x) =0iff x=0;

2. A Hilbert %-module (see Def. 2.4 of [Pas73])) is a pre-Hilbert %8-module X which is complete
with respect to the norm || - || on X given by ||x|| = /|| {(x,x) ||

3. A Hilbert Z-module X is self-dual (see §3 of [Pas73]]) if every bounded module map 7: X — %
is of the form 7 = (x, -) for some x € X.

4. Self-duality is essential for the following result. Let 7: X — Y be a bounded module map between
Hilbert #-modules. If X is self-dual, then it is ‘adjointable’; that is: there is a unique bounded
module map 7*: Y — X, called the adjoint of T, with (Tx,y) = (x,T*y) forallx e X andy € Y
(see Prop. 3.4 of [Pas73]).

5. Let X be a pre-Hilbert Z8-module. One can extend X to a self-dual Hilbert Z-module as follows.
The set X" of bounded module maps from 7: X — 4 is called the dual of X, and is a #-module
via (T-b)(x) = b* - 7(x) (see line 4 of p. 450 of [Pas73]). Note that X sits inside X’ via the
injective module map x — £ = (x, -). In fact, X’ can be equipped with an %-valued inner product
that makes X’ into a self-dual Hilbert %-module with (7,£) = 7(x) for all T € X’ and x € X (see
Thm. 3.2 of [Pas73]).

6. Any bounded module map T : X — Y between pre-Hilbert Z-modules has a unique extension to a
bounded module map 7 : X’ — Y’ (see Prop. 3.6 of [Pas73])).

It follows that any bounded module map 7 : X — Y from a pre-Hilbert Z-module into a self-dual
Hilbert Z-module has a unique extension 7: X’ — Y.

2 Although in [Pas73] (x,y) is linear in x and anti-linear in y, we have chosen to adopt the now dominant convention that
(x,y) is anti-linear in x and linear in y.
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7. Let X be a self-dual Hilbert #-module. The set B*(X) of bounded module maps on X forms a von
Neumann algebra (see Prop. 3.10 of [Pas73])E] Addition and scalar multiplication are computed
coordinate-wise in B*(X); multiplication is given by composition, and involution is the adjoint.
An element # of B¢(X) is positive iff (x,x) > 0 for all x € X (see Lem 4.1 of [Lan93]]). If X happens
to be the dual of a pre-Hilbert #-module Xj, then we even have ¢ > 0 iff (x,zx) > 0 for all x € Xj.

It follows that 7*T is positive in B*(X) for any bounded module map 7: X — Y.

We will also need the fact that (x, (- )x) : B*(X) — 2 is normal for every x € X, which follows from
the observation that f((x,(-)x)): B*(X) — C is normal for every positive normal map f: % — C,
which in turn follows form the description of the predual of B*(X) in Proposition 3.10 of [Pas73].

Definition 17. Let ¢: o/ — % be an NCP-map between von Neumann algebras. A complex bilinear
map of the form B: o7 x 8 — X, where X is a self-dual Hilbert Z8-module, is called ¢-compatible if,
there is r > 0 such that, for all ay,...,a, € o/ and by,...,b, € B,

| X8k [* < r | b o(aiab; |
i i,j

; 2

and B(a,by)by = B(a,b1by) for all a € o/ and by, b, € AB.
Theorem 18. Let ¢: o/ — 9B be an NCP-map between von Neumann algebras.
1. There is a self-dual Hilbert %8-module o/ ®y % and a ¢-compatible bilinear map

Q: A X B — ARy R

such that for every @-compatible bilinear map B: of x 98 — Y there is a unique bounded module
map T: of @9 B — Y such that T(a®b) = B(a,b) foralla € </ and b € A.

2. For every ag €  there is a unique bounded module map p(ap) on o ¢y % given by
plao)(ah) = (aoa) @b,
and the assignment a — p(a) yields an NMIU-map p : o/ — B*(A ®@¢ B).
3. The assignment T — (1®1,T(1®1)) gives an NCP-map f: B* (o ®¢p B) — B.
4. o —p— B (A ®¢p B) —f— P isa Paschke dilation of ¢.
Proof. To construct &7 ®¢ %, we follow the lines of Theorem 5.2 of [Pas73], and start with the

algebraic tensor product, o7 © %, whose elements are finite sums of the form }; a; ® b;, and which is a
right Z-module via (Y;a; @ b;)B =Y, a; ® (b;B). If we define |-, -] on &7 © & by

[Yai®bi, Y o;@B;] = Y bio(a;a))B;,

we get a #-valued semi-inner product on .o/ © %, and a (proper) Z-valued inner product on the quotient
Xo= (o ©AB)/N,where N ={x € .o/ ©A: [x,x] =0}, so that X, is a pre-Hilbert Z-module. (That N is
a submodule of &7 ® Z is not entirely obvious, see Remark 2.2 of [Pas73].) Now, define &/ ®¢ % := Xé
(where X; is the dual of X, from Overview [163)), and let ®: o/ x B — o @, 9 be given by a® b =
a®b+N. Then o7 ®¢ % is a self-dual Hilbert %-module, and ® is a @-compatible bilinear map.

3The superscript a in B (X) stands for adjointable, which is automatic for bounded module-maps on a self-dual X.
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Let B: o/ x 8 — Y be a ¢p-compatible bilinear map to some self-dual Hilbert #8-module Y. We must
show that there is a unique bounded module map T': &7 ®y % — Y such that T(a ® b) = B(a,b). B
Overview , it suffices to show that there is a unique bounded module map 7: Xy — Y with T(a ®
b) = B(a,b). Since & ® A is generated by elements of the form a ® b, uniqueness is obvious. Concerning
existence, there is a (unique) linear map S: &7 © % — X with S(a®b) = B(a, b) by the universal property
of the algebraic tensor product. Note that the kernel of S contains N, because if x =Y ;a; ® b; is from N,
then [x,x] = ¥, ;bj@(aja;)b; = 0, and so ||S(x)|| = || ¥X;B(ai,b;)|| = 0 by Equation (2). Thus there is a
unique linear map 7': Xy — Y with T(a® b) = B(a,b). By Equation (2)), T is bounded. Finally, since
B(a,bB) = B(a,b)B, it is easy to see that S and T are module maps.

Let ap € 7 be given. To obtain the bounded module map p(ag) on &7 ®¢ 4, it suffices to show
the bilinear map B: &/ x B — o/ @y % given by B(a,b) = (apa) @ b is p-compatible. It is easy to see
that B(a,b)B = B(a,bp). Concerning Equation (2), letay,...,a, € </ and by, ...,b, € & be given. Then
we have, writing a for the row vector (a; - --a,), b for the column vector (b ---by,),

HZB(ai,bi)Hz = HZ(aoai)@Jbin = Hbe(p(a;‘af;aoa] )b H |b* (M, @) (a*agapa)b||
i 1 L]

< llagaol - 6" (Mu@) (@ a)b || = |lao||* - || )b} @(aia;)b;]].
i,Jj

Thus B is ¢-compatible, and so there is a unique bounded module map p(ay): & @y B — o Ry B
with p(ap)(a®b) = (apa) ® b. Since it is easy to see that ag — p(ag) gives a multiplicative involutive
unital linear map p: &/ — B%(%/ ®, %), the only thing left to prove is that p is normal.

Let D be a bounded directed set of self-adjoint elements of </. To show that p is normal, we
must prove that p(supD) = sup,p, p(d). It suffices to show that (x, p(supD)x) = (x,sup,p p(d)x) for
all x € Xp. Let x € Xp be given and write x = };a; ® b;, where ay,...,a, € o/ and by,...,b, € o/. Then,

if a stands for the row vector (a; - --a,) and b is the column vector (by,...,b,), we have
(x,p(supD)x) = b*(M,@)(a* supDa)b = sup b*(M,)(a*da)b = sup (x,p(d)x) = (x,supp(d)x),
deD deD deD

where we used that b*(M,,@)(a*(-)a)b and (x, (- )x) are normal. Thus p is normal.

Write e = 1 ® 1. We already know that (e, (- )e) is normal, and since for t1,...,1, € B*(&/ ®¢
%) and by, ...,b, € &, we have ¥, ;b; <e,t,-*tje>bj = <Zit,-ebl~,2jtjebj> > 0, we see by Remark 5.1
of [Pas73], that (e, (- )e) is completely positive.

To begin, note that (fop)(a) = (1®1,a®1) = @(a) foralla € o7, and so ¢ = fop.

Suppose that @ factors as &7 —p'~ P’ —f'—~ A , where &' is a von Neumann algebra, p’ is an
NMIU-map, and f” is an NCP-map. We must show that there is a unique NCP-map ¢: &' — B*(/ ®
P) with foo = f'and cop’ =p.

(Uniqueness) Let 61,0,: & — B*(/ ®¢ ) be NCP-maps with fo o, = f and oxop’ =p. We
must show that 6] = 03. Let ¢ € &7’ and x € X be given. It suffices to prove that (x, 61 (c)x) = (x, 62(c)x)
(see Overview ). Write x = Y;a; @ b; where a; € o7, b; € 2. Then, a; @ b; = p(a;)(1® 1)b;, and so

(x,0i(c Zb* i(c)p(a;))b; by an easy computation
= Zb?f(ffi(P (a;)ep’(aj)))b; by Lemmal[TT] 3)
ij
= Y (P a)ep )b, sinee £ = foo.
ij
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Hence (x,01(x)) = (x,02(x)), and so 0] = 0.

(Existence) Recall that each self-adjoint bounded operator A on Hilbert space .7# gives a bounded
quadratic form x — (x,Ax), that every quadratic form arises in this way, and that the operator A can be
reconstructed from its quadratic form. One can develop a similar correspondence in the case of Hilbert
ZB-modules, which can be used to define o from Equation (3). We will, however, give a shorter proof of
the existence of o, which was suggested to us by Michael Skeide.

The trick is to see that the construction that gave us &/ ®, % may also be applied to f': &' —
A yielding maps &' —p"> B (X' @ p HB) —f"= % . It suffices to find an NCP-map ¢’: B4(F' @p
B) — B (A @9 PB) with " = foo' and p = 6’0 p” o p’ for then 6 = 6’ 0 p” will have the desired
properties.

LetS: o ®¢p B — P’ @ p % be the bounded module map given by S(a ®b) = p’(a) ® b, which ex-
ists by part[1] because a straightforward computation shows that (a,b) — p’(a) @b gives a @-compatible
bilinear map &/ x # — ' @ p Z. We claim that 6’ = §*(-)S fits the bill.

Let us begin by proving that 6’(1) = §*S = 1. Let x € X;. It suffices to show that (x, $*Sx) = (x,x).
Writing = ¥;a; 8 by, we have (x, §°Sx) = (Sx,53) = X, ;b7 £/(p'(a))p'(a)))bj = K ;b plaa;)b, —
(x,x), because p’ is multiplicative and f' o p’ = ¢@. Thus §*S = 1.

Note that 6’ is completely positive, because for all si,...,s, € B* (L' ®p AB) and1y,... 1, € B (A Q¢
B), we have Y, ;170" (s7s;)t; = (L;5:5t)" (L ;5;St;) > 0 (see Remark 5.1 of [Pas73]).

Let x € o/ ®¢ 2 be given. Note that (x,c’(-)x) = (Sx, (-)Sx) is normal. From this it follows that ¢’
is normal (in the same way we proved that p is normal in (2))).

Since from S(1® 1) = p(1)® 1 = 1®1 it swiftly follows that f o ¢’ = f”, the only thing left to
show is that p = 6’ o p” o p’. Let a,ap € o and b € B be given. By point (I)), it suffices to show
that p(ap)(a®b) = o’ (p"(p’(ap)))(a®b). Unfolding gives 6’ (p” (p’(ao)))(a®@b) = S*(p'(apa) @ b) =
S*S(p(ag)(a®b)), but we already saw that S*S = 1, and so we are done. O

3 Pure maps

Schrédinger’s equation is invariant under the reversal of time, and so any isolated purely quantum me-
chanical process is invertible. However, NCP-maps include non-invertible processes such as measure-
ment and discarding. However, not all is lost, for a broad class of processes is pure enough to be
‘reversed’, e.g. (Ady)" = Ady-. In fact, the Stinespring dilation theorem states that every NCP-map
into B(#) factors as a reversible Ady, after a (possibly) non-reversible NMIU-map.

In this section we study two seemingly unrelated definitions of pure (i.e. reversible) for arbitrary
NCP-maps. The first is a direct generalization of Ady, and the second uses the Paschke dilation. Both
definitions turn out to be equivalent.

Before we continue, let’s rule out two alternative definitions of pure. 1. Recall a state ¢: o/ —
C is called pure, if is an extreme point among all states. It does not make sense to define an NCP-
map to be pure if it is extreme, because every NMIU-map is extreme (among the unital NCP-maps).
2. Inspired by the GNS-correspondence between pure states and irreducible representations, Stgrmer
defines a map ¢: &/ — B() to be pure if the only maps below ¢ in the completely positive order
are scalar multiples of ¢@. One can show that the Stgrmer pure NCP-maps between B(#) — B(.%")
are exactly those of the form Ady, see Prop.[34] In a non-factor every central element gives a different
completely positive map below the identity and so if one generalizes Stgrmer’s definition to arbitrary
NCP-maps, the identity need not be pure.
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Now, let us sketch our first definition of pure. Consider V: £ — J¢. By polar decomposition we
may factor V = UA, where A: % — r(A)J¢ is a positive map and U: r(A)7 — ¢ is an isometry
and so Ady = Adg o Ady. The pure maps Ady and Ady are of a particularly simple form. We will see
they admit a dual universal property, the first is (up to scaling) a compression and the second a corner
(Def. [19). This allows us to generalize the notion of pure to arbitrary NCP-maps (Def. 2I). We show
maps on the right-hand side of a Paschke dilation are pure. Then we will show the main result of the
section: an NCP-map is pure if and only if the map on the left-hand side of its Paschke dilation is
surjective. As a corollary, we show both the left- and right-hand side of a Paschke dilation are extreme
among the maps with the same value on 1.

Definition 19. Let a be an element of a von Neumann algebra 7 with 0 < a < 1.

1. The least projection above a, we call the support projection of a, and we denote it as [a]. Its de
Morgan dual |a| =1 —[1 —a] is the greatest projection below a. For any projection p, write C,,
for the central carrier, that is: the least central projection above p (see e.g. [KR97, Def. 5.5.1]).

2. For an NCP-map ¢: of — %, we write car ¢ for the carrier of ¢, the least projection of <7 such
that @(car@) = ¢(1). The map ¢ is said to be faithful if carp = 1. Equivalently, ¢ is faithful
if (a*a) =0 implies a*a =0 forall a € o7 .

3. We call the map h,: o/ — |a|.</|a] given by b — |a|b|a|, the standard corner of a.
4. We call the map ¢, : [a|</[a| — </ given by b — \/ab+/a, the standard compression of a.

5. A contractive NCP-map h: &/ — 2 is said to be a corner for an a € [0, 1] if h(a) = k(1) and for
every (other) contractive NCP-map f: &/ — € with f(a) = f(1), there is a unique f': B — €
with f = f'oh.

6. A contractive NCP-map ¢: % — <7 is said to be a compression for an a € [0,1] . if ¢(1) = a and
for every (other) contractive NCP-map g: ¢ — <7 with g(1) < a, there is a unique g': € — £
with g=cog’.

Proposition 20. Ler </ be any von Neumann algebra with effect a € [0,1] .
1. The standard corner h, is a corner for a and the standard compression c, is a compression for a.

2. Corners are surjective. Compressions are injective. Restricted to self-adjoint elements, compres-
sions are order-embeddings.

3. Every corner h for a is of the form h = ¥ o h, for some isomorphism ¥. Every compression c for a
is of the form ¢ = c, 0 U for some isomorphism ¥.

4. Assume @: o/ — B is a contractive NCP-map. Let @' denote the unique contractive NCP-map
such that cg(1y0 @' = @ and @" the unique contractive NCP-map with @" o hearp = @. Then @' is
unital and Q" is faithful.

5. With @ as above, there is a unique NCP-map @.: (car@)</ (car@) — [@(1)]Z[@(1)] such
that (1) © Qs © hearg = @. The map @ is faithful and unital.
Proof. See appendix. O
In the previous Definition and Proposition we chose to restrict ourselves to contractive maps as a ‘non-
contractive compression’ might sound confusing. For a non-contractive ¢, define ¢, := (m “Q)g.

Definition 21. A NCP-map ¢: &/ — 4 is said to be pure whenever @, is an isomorphism.
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Example 22. The pure NCP-maps between B(.7#") and B(.#") are exactly those of the form Ady for
some V: & — S¢. The contractive pure maps are exactly those with V*V < 1.

Example 23. If ¢: o/ — 2 is unital and faithful, then ¢, = ¢. Thus a state is pure if and only if it is
faithful. Also isomorphisms are pure.

Proposition 24. Corners, compressions and pure maps are closed under composition.

Proof. See appendix. O

Remark 25. On the category of von Neumann algebra with pure maps, one may define a dagger which
turns it into a dagger category. It is not directly clear it is unique, but with additional assumptions is can
be shown to be unique. This is beyond the scope of this paper and will appear elsewhere.

Proposition 26. Let ¢ : o/ — %' be an NCP-map with Paschke dilation «f —p—~ & —f—> %' . Letb €
[0,1] » together with a compression c: B' — B for b. Then o/ —p—~ P —cof>= B is a Paschke dilation
of coo.

Proof. See appendix. ]

Corollary 27. Let ¢: of — 9B be an NCP-map with Paschke dilation of —p—~ &P —f— A . Then f is
pure. Furthermore, if ¢ is contractive, then so is f and if @ is unital, then f is a corner.

Proof. See appendix. ]

Theorem 28. Let of be a von Neumann algebra together with a projection p € o/. Then a Paschke
dilation of the standard corner h,, is given by o/ —hc,> C, 2/ —hy> palp .

Proof. Let & —p—A(A @y, po/ p) —f— p</p be the Paschke dilation of ¢ from Theorem The

plan is to first prove that &7 ®,, p.</ p can be identified with <7 p, and then to show that B*(«/p) = C,</ .
Note that </ p is a right po/ p-module by (ap) - (pbp) = apbp, and a pre-Hilbert p.<Z p-module
via {(ap,ap) = pa*ap. Since by the C*-identity the norm on </ p as a pre-Hilbert %-module coin-
cides with the norm of &7 p as subset of the von C*-algebra <7, and <7 p is norm closed in &7, and <7 is
norm complete, we see that <7 p is complete, and thus a Hilbert p.o# p-module.
The next step is to show that <7 p is self-dual. Let 7: &/ p — p</ p be a bounded p.<Z p-module map.
We must find op € o7 p with T(ap) = pa*ap for all a € 7. This requires some effort.

1. We claim that C, = sup{r: r < p}, where r < p denotes that r is a projection which is von

Neumann-Murray below p, i.e. r = vw* and v*'v < p for some v € o7, see [KR97, Def. 6.2.1].
To begin, writing ¢ = sup{r: r < p}, we have C;, = C,,. Indeed, since p < p, we have p < g,
and so C, < C,. For the other direction, C;, < C,, note that if r is a projection with r < p,
then r < C, < C, by [KR97, Prop. 6.2.8]. Thus g < C,, and so C; < C,,.
Thus we must prove that C; —q = 0. It suffices to show that Cc,—, = 0. Note that for every
projection r with r < C, — g and r < p we have r = 0, because r < p implies r < ¢ and so 2r < C,,.
Thus, by [KR97, Prop. 6.1.8], we get Cc,—4C, = 0. But since C; — g < C, = C),, we have C¢,—, <
C,, and so ch_q = ch_qCp =0.

2. Using Zorn’s lemma, we can find a family (g;);c; of pairwise orthogonal projections in ./ with
gi S pand C, =g = Y qi- (Here, and in the remainder of this proof, infinite sums in von
Neumann algebras are taken with respect to the ultraweak topology.) For each i € I, pick v; € &7
with v;v] = g; and v;v; < p. Since plv?vipL < ptppt =0, we have v;p = 0 by the C*-identity,
andsov; € of/pforalliel.
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3. Our plan is to prove that T(ap) = ((L;c; T(vi)v})*,ap) for all a € <7, but first we must show that
Y..c;1T(vi)vi converges ultraweakly. This requires a slight detour. Let J C I be any finite subset.
Note that (7(v;)*7(v;));; is a matrix over p.</ p where i and j range over J. By [Pas73| Thm. 2.8
(ii)], we have for all (b;);e; from po/p,

Z bit(vi)"t(v)) va va < |7l Zv, ,,Zv,b> = Z b; (vi,v;)bj,

i,jeJ ieJ ieJ ieJ ieJ i,jeJ

and so (t(vi)*T(vj))ij < \|T|](<v,~,vj>),-j as matrices over p.o/ p by [Pas73, Prop. 6.1]. Since the
projections (qi),g are pairwise orthogonal, and (v;,v;) = viv; = vigiq;v;, we see that ((v;,v;))i;
is a diagonal matrix below p, and since (v;,v;) = viv; < p we get

Y, vit(v) ey < el vipvi = llell Y@ < =l

i,jeJ ieJ icJ

From this it follows that the net of partial sums of 7(v;)v; is norm bounded (by the C*-identity),
and ultraweakly Cauchy (by Cauchy—Schwarz and the fact that } ;c; g; converges ultraweakly as J
increases), and thus ultraweakly convergent[WW16, Prop. 40]. Define a = (¥, t(v;)v})*.

4. Note that pa* =Y ; pt(v;)vi = a* (because T(v;) € pa/p) and so a € o/ p.

5. The linear map t((-)p): &/ — < is ultrastrongly continuous, because if a;p — 0 ultrastrongly,
then for any normal state @ on p.<Z p we have

o(t(aip)*t(aip)) < |tl|lo({ap,aip)) = |t|o(pajaip) — 0.

6. Pick any ap € &/ p. As g = sup, g;, we have g =Y ; g; ultrastrongly (combine [KR97, Lemma 5.1.4]
with [Sak12, Prop. 1.15.2]), and thus t(gap) = Y, t(g;ap) ultraweakly. Hence

t(ap) = t(qap) Zf giap) = Y t(vipviap) = Y t(vi)pviap = (ap,ap),
i i

where we use that gap = ap (since g = C), and g; = q? = vivivvi = vipvi. Thus o p is self-dual.

Now we will show &7 p is isomorphic to &7 ®;,, p«/p. Note [ap ® p,ap @ p] = pa*ap and so ap @
p € N if and only if ap = 0. A straight-forward computation shows a ® pap —apop @ p € N and so
every x € o/ ® pof p is N-equivalent to exactly one ap ® p for some a € o7. Thus ap @ p+ N — ap fixes
an isomorphism Xy — 7 p. As &/ p is already complete and self-dual, so is Xy. Hence via ap — @
we have @/ p = Xo =X = X' = .o/ @, po/p and so &/ —p— B*(/ p) —f— pa/p is a Paschke dilation
for h,, where p(a)ap = aap and f(t) = pt(p).

If in the proof above — that T = OC*( -)p for some a € o/ p — we replace T by a bounded p.o/ p-
module map : </ p — </ p, then the reasoning is still valid (except for point ())), and so we see that the
map p: &/ — B*(</ p) given by p(a)(ap) = apap is surjective.

Now we show carp = C,,. Itis sufficient to show that for each ot > 0 with o € .7, we have that ocap =
0 for all a € &/ if and only if «C, = 0. The reverse direction follows from aap = a(1 —Cp)ap =0
whenever oC), = 0. Thus assume otap = 0 for all a € &7. In particular 0 = av;pv; = ag; and so aC, =
aqg =Y,;0q; =0, as desired. We now know p = ¥ o iic, for some isomorphism ¥ : B (e p) = Cpaf . Tt
is easy to see fod ! = h, and so we have proven our Theorem. O

Corollary 29. Let ¢: of — 9B be an NCP-map with Paschke dilation of —p— P —f— 9B . Then the
map @ is pure if and only if p is surjective.
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Proof. See appendix. O

Definition 30. Let ¢: &/ — 2 be any NCP-map.
1. Write [0, @]ncp = {y: & — % NCP-map; ¢ — y is completely positive}.
2. We say @ is NCP-extreme, if it is an extreme point among the NCP-maps with same value on 1;
thatis: A@; + (1 —A)@, = ¢ for @1, ¢2: &/ — B NCP-maps and 0 < A < 1 implies ¢; = ¢ = ¢
3. If o —p—> &P —f—> A is aPaschke dilation of ¢ and € p(«7) with t > 0, define ¢,: &7 — B
by ¢:(a) = f(Vip(a)V1).
Theorem 31. Assume ¢: of — A is an NCP-map with Paschke dilation &/ —p—~ & —f—~ A .
1. The map t — @, is an affine order isomorphism [0, 1],y — [0, @]ncp-
2. @ is NCP-extreme if and only if t = @, (1) is injective on [0, 1],y

Proof. See appendix. 0
Theorem 32. NMIU-maps and pure NCP-maps are NCP-extreme.

Proof. Let p: o/ — 2 be any NMIU-map. o —p— A —id> Z is a Paschke dilation of p. If t €
p(<7)', then p;(1) =t and so, clearly, t — p;(1) is injective on p(</)’. Hence by Theorem [31] we see p
is NCP-extreme.

Assume ¢@: o/ — 2 is pure. By scaling, we may assume ¢ is contractive. Write p = car.
Then ¢ = coh, for some compression pa/p — . By Proposition and Theorem we know
of —hc,> C, o/ —cohp> 98 is a Paschke dilation of ¢. We have to show ¢ — ¢, (1) is injective on [0, 1] e, (/)
As hc, is surjective, we have ¢, (/) = Z(Cpe/) hence ¢, (1) = c(h,(v/the,(1)v/1)) = c(ptp) for t €
Z(Cye/). As compressions are injective, it is sufficient to show A, is injective on Z(Cpo7). As-
sume ¢ € Z(C,</) such that ptp = 0. Then O = r(pt) = pr(t) and so p < 1—r(t). As1—r(t)isa
central projection, we must have 1 —r(t) < C, = 1¢,s. Hence r(t) = 0 and so t = 0. We are done. [

Problem 33. Is there an NCP-extreme NCP-map into a factor which is neither pure nor a compression
after an NMIU-map?

Remarks

The construction of the standard Paschke dilation is a generalization of the GNS-construction to Hilbert
C*-modules. For this reason, for those studying C*-modules, the construction is known as Paschke’s
GNS (e.g. [Ske00, Remark 8.4]). There is also a generalization of Stinespring to C*-modules due to
Kasparov.[[Kas80] This Theorem, however, is like Stinespring only applicable to NCP-maps of which
the codomain has a certain form and hence as far as it applies to arbitrary NCP-maps, it reduces to
Paschke.
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Appendix

Proof of Lemma[9) There are unique mediating maps o;: &, — &, and 0,: &, — ). It is easy to
see 0] o 0, satisfies the same property as the unique mediating map id: &} — ) and so ;0 0, = id.
Similarly 0, o 07 = id. Define ¥ = ¢;. We just saw ¥ is an NCP-isomorphism. Note ¥(1) = ¥ (p;(1)) =
p2(1) =1 and so ¥ is unital. But then by [WW16| Corollary 47] ¥ is an NMIU isomorphism. O

Proof of LemmalI2] Let x € ¢ be given, and let P be the projection onto {Ax: A € C}. Then
{AS*x: A €C} = Ran(S*PS) = Ran(T*PT ) = {AT*x: L€ C}.

It follows that S*x = aT*x for some o € C with o@ # 0. While o might depend on x, there is o € C
with o # 0 and §* = 0pT* by Lemma 9 of [WW16]. Then S = o5 7. O

Proof of Proposition The proposition is true in greater generality. [CJIWW15]] We give a direct proof.
1. Proven in [WW16, Prop. 5 & 6].

2. Letc: &/ — 2 be any compression. Assume a,d’ € <7 are self-adjoint elements with ¢(a) < c¢(d’).
Without loss of generality, we may assume a,a’ > 0 as ||a|| +a, ||a|| +d' > 0. Define py: € — £
by pa(1) = a for o € o7. Note 0 < ¢(a’ —a) < ¢(1) and so by the universal property of ¢, there is
aunique map f’: C — & with co f/ = Pe(a—a)- We compute

c(pyy(1)) = %C(a’) _ @ +p;(“/“)(l) @) +§(f/(1)) = c(P1arpay (1)

and so by the universal property of ¢, we have p Ly = Pliavf(1) and so a < d/, as desired. As a

a+f"
corollary, c¢ is injective on self-adjoint elements. It follows c is injective. (See e.g. [Chol6l Proof
Lemma 4.2]). Clearly isomorphisms and a standard corner are surjective. Thus by point 3, every

corner is surjective.

3. A standard argument gives us that there are mediating NCP-isomorphisms. They are actual NMIU-
isomorphisms by e.g. [WW16, Corollary 47].

4. Write ug: C — o/ for the NCP-map u,/(A) = A -1. Then ¢ ouy = cyp)0 o ouy = Co(1) ©
Urp(1))%[p(1)] @nd so by the universal property of cg(1), we get Q' ouy = Ulp(1))%[e(1)] and
so 1 = @’(1), as desired. Write p = car@. Now, to show ¢” is faithful, assume ¢”(pap) = 0 for
some pap € [0,1],.,. Then 0 = @"(pap) = ¢" (h,(pap)) = ¢(pap) and so pap < 1 —carp =
1 — p. Hence pap = 0, as desired.

5. By point 2, we know @ is unique. Note cq(1) 0 ¢« (1) = ¢(1) and car(@ o hcarg) = car @ and so
¢ is unital and faithful by the previous point. O

Proof of Proposition[24] First we show corners are closed under composition. Let h: &/ — 2 be a
corner for a and h': & — € be a corner for b. There is a unique isomorphism ©: |a|</ |a] — A
such that 7 = ¥ oh,. Note h|, oc|, =1d and so hoc|, o ¥~ ! =id. We will show W oh is a
corner for ¢|,(97'(|£])). To this end, assume g: &/ — & is any contractive NCP-map for which it
holds g(c(q (91(|5]))) = g(1). Clearly g(1) = glc | (8~ (|5]))) = g(1) < g(la)) < g(1) and s0 by
the universal property of 4, there is a unique contractive NCP-map g’: % — % such that g’ oh = g. Now

g'([6]) = g (h(cq) (071 ([6))))) = gleia) (97 ([6)))) = 8(1) = &'(h(1)) = /(1)
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and so by the universal property of /' there is a unique contractive NCP-map g": ¢ — 2 with g"oh' = ¢'.
Clearly g”" o' oh = g. It is easy to see g” is unique.

We continue with compressions. Assume c: ¢ — 9 is a compression for b and ¢/: B — o is
a compression for a. We will show ¢’ o ¢ is a compression for ¢’(b). To this end, let g: 2 — < be
any contractive NCP-map such that g(1) < ¢/(b). As g(1) < ¢/(b) < a, there is a unique g': 7 — A
with ¢ o g’ = g. Clearly ¢/(g’(1)) = g(1) < ¢/(b). Thus g’(1) < b and so there is a unique contractive
NCP-map g": 2 — € such that cog” = g’. Now ' ocog” = g It is easy to see g” is unique.

To show pure maps are closed under composi- N4
tion, it is sufficient to show that 4, o ¢, is pure for V \h"
any von Neumann algebra o7, projection p € &/ and [a].o [a] pl p
effecta € [0, 1] . To this end, we will define a u such B apyal | Aenap

that the diagram on the right makes sense, commutes [Vap\/al <« [/ap\/a]l — [pap)|< [pap]
and Ad, is an isomorphism. First some facts. Ad,

1. By polar decomposition (see e.g. [Top71}, p.15]), there is a partial isometry u € <7 such that \/ap =
uy/pap with domain u*u = [ pap| and range uu* = r(y/ap) = r(v/ap(\/ap)*) = [\/ap+/a], where

with r(b) we denote the projection onto the closed range of b. Note that adjoining by u restricts to
an isomorphism Ad,: [apv/a|< [\/ap\/a| — [pap|/[pap].
2. We have \/ap+/a < a < [a] and so \/ap\/a € [a]| < [a]
[Vapv/al(lal [a])[vap+/a] = [Vapyal<[v/ap+/a]
[

[pap](p</p)[pap]| = [pap|</[pap].

. Clearly pap € p</ p. Hence

3. We have ur(u)u = r(uu*)u = uu*u = [\/ap\/alu.
Now we see the diagram makes sense and commutes:
hp(ca([alx[al)) = pv/a[alx[a]Vap
papu’” [a]x[alu/pap
FM* [Vapv/al[alx[a][vap+/alu\/pap
= Cpap(Adu(hy japya ([alx[al]))).

Consequently 4, o ¢, is pure. U

Proof of Proposition[26] Assume &' is any von Neumann algebra together with NMIU-map p’: o/ —
2" and NCP-map f': P’ — P such that f'op’ =co@. Note f'(1) = f'(p'(1)) =c(p(1)) <c(1) <b.
Hence there is a unique NCP-map f": &' — %’ with co f”" = f’. Observe co f"op’ = fop' =co @
and so f” op’ = @ as c is injective. There is a unique 0: P’ — & withcop’ =p and foo = f”. But
then co foo = co f” = f’ and so we have shown existence of a medlatmg map. To show uniqueness,
assume ¢’ : P’ — P is any NCP-map such that co foo’ = f/ and 6 op’ = p. Clearly co foo' = f' =

cof”and so foo’' = f”. Thus 6 = ¢’ by definition of ©. O

Proof of Corollary[27} First, we will prove that if ¢ is unital, then f is a corner. Thus, assume ¢ is
unital. Let o —p— P, —f— % be the standard Paschke dilation of ¢. By [Pas73], Corollary 5.3], f;
is a corner. By Lemma9] we have f = f; o ¥ for some isomorphism ¢. But then f is also a corner.
Now, we will prove that for arbitrary contractive ¢, the map f is pure and contractive. The non-
contractive case follows by scaling. Write ¢': &/ — [@(1)] %[ ¢(1)] for the unique unital NCP-map
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such that ¢ = cy(1)0 @'. Let & —p'>P" —f'= [@(1)]%[¢(1)] denote the Paschke dilation of ¢'.

By Proposition A —p'> P ——cpnyof'— A is a Paschke dilation of ¢. Thus by Lemma @ we
know f =cp)0 f" o for some isomorphism 1. As these are all pure, f is pure as well. ]

Proof of Corollary[29 Assume p is surjective. The kernel of p is za7 for some central projection z.
(See e.g. [Sak12, 1.10.5].) Note the quotient-map for the kernel of p is a corner for z, hence by the
isomorphism theorem p is a corner. By Corollary [27] f is pure. Thus ¢ is the composition of pure maps
and hence pure.

Now assume @ is pure. By scaling, we may assume @ is contractive. Write p = car @. Note ¢ =coh,
for some compression ¢: p.</ p — 98 and standard corner h), for p. o/ —hc,> C,o/ —hp> </ is a Paschke

dilation for £, and so by Proposition , & —hcy> of —coh= 9B is a Paschke dilation for ¢. By Lemma@,
we know p = ¥ o h¢, for some isomorphism ¥ and so p is surjective. O

Proof of Theorem[31] The Paschke dilation constructed in Theorem [I§]is called the standard Paschke
dilation, for which point 1 is shown in [Pas73, Prop. 5.4] and point 2 in [Pas73, Thm. 5.4]. We show
the result carries to an arbitrary Paschke dilation. Write & —ps> &, —f,—~ 8 for the standard Paschke

dilation of ¢. Write ¢;” and (p,% to distinguish between ¢ relative to the given and standard Paschke
dilation. Let ¥ : & — 2 be the mediating isomorphism from Lemma 9}
It is easy to see ¥ restricts to an affine order isomorphism [0, 1],y — [0, 1] (o). Note

97 (a) = f(Vip(a)V1) = £(B(Vip(a)V1)) = i(v/D(1)ps(a) VD)) = @ (a)

and so t — @ is the composition of affine order isomorphisms ©~! and ¢ — qo,‘%, which proves 1.
Finally, for 2, note 7 — ¢ (1) is injective if and only if 7 — ¢;”’(1) is as ¥~ is injective. O

Proposition 34. Let ¢: of — B(J) be any NCP-map. Then @ is pure in the definition of Stgrmer
[St912, Def. 3.5.4] if and only if ¢ is pure as in Def. [21]

Proof. Let ¢: o/ — B(7) be any NCP-map with standard Paschke dilation &/ —p— & —/f> B(.) .
Note that by Theorem we know &2 = B(.¥") for some Hilbert space .#" and so it is a factor.

Assume @: o/ — B(A) is pure as in Def.[21] Let y: &7 — B(J¢) with ¢ — y completely positive.
To show ¢ is pure in the sense of Stgrmer, we have to show y = A ¢ for some A € [0,1]. By [Pas73,
Prop. 5.4], y = ¢, for some 7 € p(«7) with 0 <7 < 1. In particular ¥ is normal. As @ is pure we know
by Corollary 29 that p is surjective. Thus p (&)’ = Z(#?) = C1. Thus t = A1 for some A € [0,1]. We
conclude v = ¢, = @, ; = L@, = A ¢ as desired.

For the converse, assume @ is Stgrmer pure. By Corollary it is sufficient to show p is surjec-
tive. As p(«/) is a von Neumann subalgebra of &7, we may conclude that p is surjective if we can
show p(7) CZ(P) as P =Z(2) Cp(&)" = p(«/) C & by the double commutant theorem. To
this end, let 7 € p(«/)’. Without loss of generality, we may assume 0 <7 < 1. Then ¢, € [0, 1]ncp and
so @ = A ¢ for some A € [0,1]. Hence ¢, = Lp = ¢ and so t = A1 € Z(Z?), which completes the
proof. O
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